In the framework of the non-secular perturbation theory based on the Bogoliubov averaging method, the coherent dynamics of multiphoton Raman transitions in a two-level spin system driven by an amplitude-modulated microwave field is studied. Closed-form expressions for the Rabi frequencies of these transitions have been obtained beyond the rotating wave approximation for the low-frequency driving component. It is shown that spin states dressed by the high-frequency component of the driving field are shifted due to the Bloch-Siegert-like effect caused by antiresonant interactions with the strong low-frequency driving. We predict that with increasing the order of the Raman transition the Rabi frequency decreases and the contribution of the Bloch-Siegert shift to this frequency becomes dominant. It is found that the amplitude and phase of the Rabi oscillations strongly depend on the initial phase of the low-frequency field as well as on detuning from multiphoton resonance. The recent experimental data for the second-and third-order Raman transitions observed for nitrogen-vacancy center in diamond [Z. Shu, et al., arXiv:1804. 10492] are well described in the frame of our approach. Our results provide new possibilities for coherent control of quantum systems.
I. INTRODUCTION
The coherent dynamics of two-level quantum systems (qubits) driven by electromagnetic fields is successfully used for studying and control of a wide range of physical objects including, among others, spins [1], atoms [2] , artificial atoms such as quantum dots [3] and superconducting qubits [4] . In particular, this dynamics is extremely important for quantum information processing [1, 5] , quantum sensing [6] , and the realization of new exotic phases, such as topological Floquet insulators [7] and time crystals [8, 9] . Rabi oscillations are the cyclic behaviour of the probability of finding the twolevel system in the excited state and represent the basic phenomenon used for coherent manipulation of quantum states. The coherent dynamics of qubits can be described in terms of dressed states [10] . The dressing of qubit by the electromagnetic field gives rise to new energy levels of the coupled field-qubit system. The splitting of each bare level is characterized by the Rabi frequency. Stimulated transitions between the dressed states open an additional tool for coherent quantum manipulation and control [11] . In particular, such transitions are effectively excited by the second field with the frequency closed to the Rabi frequency determining the splitting between the dressed states of the driven two-level system. This so-called Rabi resonance has been observed for spin ensembles [12, 13] and a single spin [14] in EPR, NMR [15] [16] [17] [18] as well as for atoms in the optical range [19] [20] [21] . * saiko@physics.by
Additional resonances occur at the subharmonics of the Rabi frequency [17] [18] [19] 22] . The coherent dynamics of the dressed-state transitions has been studied directly in time-resolved experiments by recording the Rabi oscillations between the dressed states [12-14, 16, 18, 20, 21] . Since the strength of the driving field inducing transitions between the dressed states is often comparable with the Rabi frequency, the rotating wave approximation (RWA) is broken and the contribution of the antiresonant (non-RWA) terms to the coupling Hamiltonian must be taken into account to explain fully the experimental observations [13, 14, 23] . In these papers the Rabi resonance has been observed when the first driving field was in resonance with the spin system. Aiming to illustrate the effects of the non-RWA terms of the transverse field in the strongly driven two-level system under the low-frequency modulation, the counterrotatinghybridized rotating-wave method has been developed [24] and the fluorescence spectrum of such system has been obtained [25] .
Recently, so-called Floquet Raman transitions have been observed in the driven solid-state spin system of nitrogen-vacancy center in diamond [26] . The system was driven by the microwave field with its low-frequency amplitude modulation. The microwave frequency was detuned from the resonant frequency of the two-level system. Raman transitions between dressed spin states were excited by the low-frequency field when multiphoton resonances (termed also Floquet resonances [27] ) were realized. To describe the Rabi frequencies of these transitions, in the frame of Floquet theory the effective Hamiltonian for the two-level system has been found and the analytical expressions for the corresponding Rabi fre-quencies have been obtained in the RWA [26] . However, the calculated Rabi frequencies of the Raman transitions were significantly smaller that the measured those. The correct values of the observed frequencies were obtained by numerical simulation. Non-resonant interactions of the low-frequency field with the dressed spin states, which were neglected in the used effective Floquet Hamiltonian, may cause the difference between the analytical estimates and the experimental data. These interactions can be significant when the low-frequency driving strength becomes comparable with the splitting between the dressed states. Such interactions shift the dressed energy levels and renormalize the interaction strength characterizing by the Rabi frequency of the Raman transition.
In the present paper, we propose a theoretical description of multiphoton Raman transitions in a two-level spin system driven by an amplitude-modulated microwave field. The description is obtained beyond the rotating wave approximation for the low-frequency driving component. We demonstrate that the construction of the effective Hamiltonian in the framework of the non-secular perturbation theory based on the Bogoliubov averaging method allows us to take into account the non-resonant processes up to the third-order of the perturbation. The effective Hamiltonian for multiphoton Raman transitions is introduced in Sec. II. The analytical description of the dynamics of Raman transitions is presented in Sec. III. Here the effective strength of Raman transitions is given taking into account the Bloch-Siegert-like effect. The third-order correction to the Rabi frequency is considered in the Appendix. Effects of the initial phase of the low frequency field and detuning of its frequency from multiphoton resonances are considered. We test our calculations using the recent experimental data for nitrogen-vacancy center in diamond [26] . The obtained analytical description of multiphoton Raman transitions is in a good agreement with the experimental results and demonstrates the significant contribution of the BlochSiegert-like effect to the observed Rabi frequencies.
II. THE EFFECTIVE HAMILTONIAN FOR MULTIPHOTON RAMAN TRANSITIONS
To observe Raman transitions between Floquet dressed states of an initially two-level spin system, a microwave field described by V (t) = ∆ x cos(ω d t) + 2A cos(ω d t) sin(ωt + ψ) is synthesized [26] . Here cos(ω d t) describes the high-frequency component of the field, sin(ωt + ψ) represents the low-frequency component with the initial phase ψ, and ∆ x , A <<ω d . In particular, for the NV center an effective two-level system is realized when the microwave field excites transitions between the spin sublevels |0 and |−1 of this center, while the level |+1 is far detuned. The Hamiltonian of the twolevel system at such driving can be written as
where ∆E is the transition energy between the levels |0 and |−1 ; σ z and σ x are Pauli operators. We use the frame rotating with the driving field frequency ω d and the RWA for this field (since the conditions ω, ∆ x , A << ω d are fulfilled). The obtained Hamiltonian for an analysis of Raman transitions is
where ∆ z = ∆E − ω d . The dynamics of the system under study is described by the Liouville equation for the density matrix ρ: i∂ρ/∂t = Hρ (in the following we take = 1). Rotating the frame around the y axis by angle of θ (ρ → ρ 1 = U † 1 ρU 1 , U 1 = e −iθσ y /2 , and σ y = (σ
, we obtain the same equation with the Hamiltonian
, we obtain the Liouville equation for ρ 2 with the Hamiltonian
where J n (a) is the Bessel function of the first kind and a = 2A sin θ/ω. Now we consider multiphoton Raman transitions when the resonance condition ω 0 /k = ω − δ is fulfilled for k = 1, 2, 3, ..., where detuning δ from the exact resonance is introduced and |δ| << ω. The Hamiltonian H 2 contains an infinite sum of oscillating harmonics with the frequencies which are integer multiples of the frequency ω. There are no oscillations for n = −k + 1 and n = −k −1. Therefore, the terms of the sum with these n give the largest contribution. These terms correspond to the RWA. However, the other oscillating terms can be significant, if the strong coupling condition 0.1 < A/ω < 1 is fulfilled. The contribution of such oscillating terms can be taken into account using the Bogoliubov averaging method [28] . This method allows us to construct in the framework of the non-secular perturbation theory some time-independent effective Hamiltonian. The averaging procedure up to the second order in A cos θ/ω (see [28, 29] ) gives the following effective Hamiltonian:
2 , where
Here the symbol ... denotes time averaging over rapid oscillations of the type exp(±imωt) given by O(t) = ω 2π 2π/ω 0 O(t)dt. The upper limit t of the indefinite integral indicates the variable on which the result of the integration depends, and square brackets denote the commutation operation.
Calculations based on Eq. (3) give:
where
Here Ω k is the Rabi frequency of the k-th order Raman transition in the RWA, ω BS k is the Bloch-Siegert-like frequency shift for the k-th order transition and all Bessel functions are evaluated at point a. This shift is caused by the non-resonant terms in the Hamiltonian (2). The Bessel functions J n (a) in Eq. (5) for Ω k appear due to taking into account virtual multiphoton transitions, in which the number of absorbed (emitted) photons exceeds by |k| the number of emitted (absorbed) photons.
Below we consider the total effective Hamiltonian H ef f (k) which is the sum of the Hamiltonians H 
III. THE DYNAMICS OF RAMAN TRANSITIONS
For the k-th order Raman transition the dynamics of the system under study is described by the Liouville equation for the density matrix ρ
z /2 . The density matrix in the interaction representation in the laboratory frame is written as follows:
. We assume that the system is initially in the ground state |0 . Using the equation for ρ (k) (t), we obtain the probability to find the system in some moment again in the ground state P (k)
is the Rabi frequency in the non-RWA which takes into account the Bloch-Siegert-like shift.
Thus, the state population P (k)
|0 of the qubit level |0 for the k-th order Raman transition oscillates slowly at the non-RWA Rabi frequency Ω * k (the third, fourth and fifth terms in Eq. (6)) and quickly at the frequencies which are integer multiples of the frequency ω (the other terms in Eq. (6)). The amplitudes of the fast oscillations are slowly changed with the frequency Ω * k . The fast multiphoton oscillations is caused by the longitudinal interaction ∼ sin(ωt + ψ)σ z in the Hamiltonian H 1 . The non-RWA frequency Ω * k replaces the standard Rabi frequency, yielding a more precise value for the oscillation frequency of P (k) |0 . Eq. (7) shows that even at the strong driving the non-RWA frequency Ω * k can be equaled to the standard RWA Rabi frequency Ω k , when the BlochSiegert shift is compensated by the corresponding detuning δ (see section III B).
A. Effective strength of Raman transitions MHz, ∆z/2π = 9.92 MHz, and ψ = 0. The slow oscillations at the non-RWA frequency and the fast oscillations at the frequencies which are integer multiples of the frequency ω are shown by red and green lines, respectively. The system is initially in the ground state |0 . on the strength of the low-frequency driving. They were calculated from Eqs. (5) and (7) for the second-order Raman transition (ω 0 = 2(ω − δ)). The parameters of the driving field are the same as those used in the experiment [26] . We also compare our calculations with the experimental data from Ref. [26] and find that the calculated dependence of Ω * 2 (A) well approximates these data. One can see that it is impossible to obtain the quantitative agreement between the theoretical and experimental results using only Ω 2 (A) without taking into account the Bloch-Siegert shift. At such driving the Bloch-Siegert shift is comparable with the value of the RWA Rabi frequency Ω 2 value. The third-order correction ∆Ω 2 in Ω 2 is presented in Appendix (see formula (A2)). The de- pendenceΩ * 2 (A) with the third-order correction given by Eq. (A3) is shown in Fig. 2(a) by the dashed line. The effect of such correction is small for the used values of A and ω. The non-RWA Rabi frequencies for the second, third and fourth order Raman transitions are compared in Fig. 2(b) . Unlike the second order transition, for the Raman transition with k = 3 and k = 4 the Bloch-Siegert frequency shift gives the dominant contribution to the non-RWA Rabi frequencies. The presented results obviously demonstrate that the driving field applied in the experiment [26] cannot be considered as the weak one, because A/ω is about 0.3. Consequently, the obtained experimental results must be described beyond the RWA taking into account the antiresonant terms in the Hamiltonian (2). In fact, such description was realized in Ref. [26] by numerical calculations. Note that the strong driving regime can easily be achieved for the dressed spin transitions. It is much more difficult to realize such regime for the bare spin transitions excited by the monochromatic field, because the driving strength is usually much weaker than the spin resonant frequency. In this case the strong driving of superconducting artificial atoms is commonly studied [30] . Note that the curve for the non-RWA Rabi frequency calculated with the third-order correction is still outside of the error bars of the experimental points ( Fig. 2 (a) ). Because the least square fit of the results is also outside of the error bars of two experimental points, it is difficult to expect that higher order corrections would make the curve lay inside the error bars. Additional studies, including new experiments, are needed to find a reason of this discrepancy.
The obtained dependence of the non-RWA Rabi fre-
2 on detuning δ = ω − ω 0 /k allows us to find directly the Rabi frequency in the RWA Ω k for the k -th Raman transition and the corresponding Bloch-Siegert-like shift using the position of maximum of the function Ω * k (δ) (Fig. 3) . The minimum frequency corresponding to the RWA Rabi frequency is obtained when the Bloch-Siegert-like shift is compensated by the positive value of δ. Fig. 4 shows the state population of the spin level |0 as a function of the evolution time for the second-and third-order Raman transitions calculated from Eq. (6) with the parameters used in the experiment [26] . For the second order Raman transition there is a good agreement between the theoretical and experimental results ( Fig. 4(a) ). In this case the Bloch-Siegert-like shift ω BS 2 /2π = 0.27 MHz is 7 times larger than the detuning 2δ/2π = 0.038 MHz. In accordance to Eq. (7), the observed oscillation is characterized by the non-RWA Rabi frequency Ω * 2 /2π = 0.455 MHz, which differs from the RWA Rabi frequency Ω 2 /2π = 0.394 MHz. Another situation is realized for the third order Raman transition (Fig. 4(b) ). At the detuning 3δ/2π = 0.19 MHz, given in Ref. [26] , the calculated frequency of the Rabi oscillation (the red dashed line) is something larger than the measured one. However, an increase of the detuning by 0. 05 MHz up to the value equaled to ω BS 3 /2π = 0.24 MHz compensates the Bloch-Siegert effect and the oscillation (the red solid line) occurs at the RWA Rabi frequency coinciding with the observed one.
C. Effects of the initial phase of the low frequency field
Features of the Rabi oscillations for Raman transitions strongly depend on the initial phase of the low-frequency field (Fig. 5 ). An increase of the phase of the driving field from 0 to 90 0 decreases the amplitude of the Rabi oscillations and changes their phase. The case of the random phase, when the phase is stochastic and uniformly distributed from 0 to 2π, is also presented. The detailed phase dependences are presented in Fig. 6 for two amplitudes of the driving field. The amplitude and the phase of the Rabi oscillation for each k shows periodic changes with a period 2π. These changes weakly depend on the driving strength and are most visible for k = 3 and k = 4. The dependence of P (k) |0 (t) on the phase of the driving field gives additional possibilities for coherent control of a quantum system and can be used in dressed state engineering.
D. Amplitudes of Rabi oscillations for multiphoton resonances versus detuning
The dependences of the amplitudes of the Rabi oscillations on detuning δ = ω − ω 0 /k for different Raman transitions are presented in Fig. 7 . Due to the BlochSiegert effect the resonant frequencies are shifted from ω 0 /k. As mentioned above, the Bloch-Siegert shift can be compensated by the positive value of detuning δ. This value does not exceed the half-width of the resonance lines presented in Fig. 7 . At such detuning the non-RWA Rabi frequency Ω * k coincides with the RWA Rabi frequency Ω k (see Eq. (7)). The multiphoton resonances become sharper with increasing the order of the Raman transition. To obtain the intensive Rabi oscillation, the resonant condition must be fulfilled more precisely for the higher order Raman transitions.
The presented close-form expressions and their applications for describing the coherent dynamics of Raman transitions in the driven solid-state spin system of NV center in diamond demonstrate that the Bloch-Siegert frequency shift gives a significant contribution to the frequency of multiphoton Rabi oscillations for k = 2 and becomes dominant for k = 3 and k = 4. That is because the value of the coupling between the low-frequency driving field and the spin system is compared to the driving frequency. At such strong interaction the non-resonant processes of emission and absorption of photons become significant. As a result, the dressed states of the spin system are considerably shifted and the non-resonant processes essentially determine the values of multiphoton Rabi frequencies. 
IV. CONCLUSIONS
We have studied the coherent dynamics of multiphoton Raman transitions between dressed states in a twolevel solid-state spin system driven by an amplitudemodulated microwave field. In the framework of the non-secular perturbation theory based on the Bogoliubov averaging method, closed-form expressions for the Rabi frequencies of these transitions have been obtained beyond the RWA for the low-frequency driving component. We have found the contribution of the Bloch-Siegert-like shift to the Rabi frequency and shown that for the high order Raman transitions this shift can dominate. We predicted the strong dependence of the amplitude and phase of the Rabi oscillations on the initial phase of the modulation field as well as on detuning from multiphoton resonance. The obtained results are in good agreement with the recent experimental data for nitrogen-vacancy center in diamond [26] . The demonstrated multiphoton dynamics extends coherent quantum control in dressed state engineering by using the strong low-frequency driving.
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APPENDIX A For k = 2, the contribution of the third order in the parameter A cos θ/ω to the effective Hamiltonian of the non-secular perturbation theory based on the Bogoliubov averaging method is written as (see [28, 29] )
Then, we obtain J n (n + 3) 2 (J n + J n+2 − J −n−4 − J −n−6 ) − 2J 2 a n =−1 J n (n + 1) 2 (J n + J n−2 − J −n−4 − J −n−2 ) , and ∆Ω 2 is the third-order correction in Ω 2 . To simplify a notation of the formula, we omit the argument a of the Bessel functions J k . The non-RWA Rabi frequency with the third-order correction is rewritten as
Since the third order of the perturbation theory gives the small correction, the contribution of H
2 (k) can be neglected. Then, the non-RWA Rabi frequency of the k-th order Raman transition can be expressed in the following approximate form:
